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THE BFK-GLUING FORMULA AND THE CURVATURE TENSORS ON A
2-DIMENSIONAL COMPACT HYPERSURFACE
KLAUS KIRSTEN AND YOONWEON LEE
Abstract. In the proof of the BFK-gluing formula for zeta-determinants of Laplacians there appears a
real polynomial whose constant term is an important ingredient in the gluing formula. This polynomial
is determined by geometric data on an arbitrarily small collar neighborhood of a cutting hypersurface. In
this paper we express the coefficients of this polynomial in terms of the scalar and principal curvatures of
the cutting hypersurface embedded in the manifold when this hypersurface is 2-dimensional. Similarly,
we express some coefficients of the heat trace asymptotics of the Dirichlet-to-Neumann operator in terms
of the scalar and principal curvatures of the cutting hypersurface.
1. Introduction
The zeta-determinant of a Laplacian on a compact oriented Riemannian manifold is a global spectral
invariant which plays an important role in geometry, for example in the context of analytic torsion
[22], topology and mathematical physics [5, 11]. However, it is almost impossible to compute the zeta-
determinant precisely except for a few cases and hence the gluing formula of this invariant is meaningful
at least for some computational reason. The gluing formula for the zeta-determinants of Laplacians
on a compact oriented Riemannian manifold was proved by Burghelea, Friedlander and Kappeler in
[2] by using the Dirichlet boundary condition and Dirichlet-to-Neumann operator. We will call this
formula the BFK-gluing formula (see also [4, 6]). In the proof of this gluing formula there appears a
polynomial of degree less than half of the dimension of the underlying manifold [4], whose constant term
is an important ingredient of the BFK-gluing formula. This polynomial is determined by an arbitrarily
small collar neighborhood of a cutting hypersurface and it vanishes when the cutting hypersurface is odd
dimensional [14]. Moreover in [14], when a collar neighborhood of a cutting hypersurface is isometric to
a warped product manifold, this polynomial is computed precisely in terms of a warping function. The
coefficients of this polynomial are closely related to the small time asymptotic expansion of the heat trace
of Laplacians and the asymptotic expansion of lnDetR(λ) for λ → ∞, where R(λ) is a one parameter
family of the Dirichlet-to-Neumann operator defined in (1.2) below.
Motivated by the work of [9], [11] and [21], the authors recently recognized that the coefficients of the
small time asymptotic expansion of the heat trace of R(λ) and the asymptotic expansion of lnDetR(λ)
for λ→∞ can be expressed by the scalar curvatures and principal curvatures of a cutting hypersurface
in an underlying manifold. In this paper we are going to use the arguments presented in [21] to express
the coefficients of these asymptotic expansions by using the curvature tensors of the cutting hypersurface.
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These results together with those of [9] or [11] enable us to express the coefficients of the polynomial by
those curvature tensors.
In principle, the method presented in this paper works for all dimensions. However, given the com-
plications when computing the homogeneous symbol of R(λ) defined on the cutting hypersurface, when
determining the coefficients of the polynomial we are going to restrict our argument to the case that the
cutting hypersurface is a 2-dimensional compact Riemannian manifold.
Let (M, g) be an m-dimensional compact oriented Riemannian manifold with boundary ∂M , where
∂M may be empty. We choose a closed hypersurface N of M such that N ∩ ∂M = ∅. We denote by
M0 the closure of M − N and by g0 the metric on M0 induced from g so that (M0, g0) is a compact
Riemannian manifold with boundary ∂M ∪ N+ ∪ N−, where N+ = N− = N . We here note that M0
may or may not be connected. We denote by E →M a vector bundle of rank r0 and denote by E0 →M0
the pull back bundle of E by the identification map p : M0 →M . We choose an inner product ( , ) on E ,
which together with the Riemannian metric g gives an inner product 〈 , 〉 on L2(E). We also denote by
∆M a Laplacian on M acting on smooth sections of E with the Dirichlet boundary condition on ∂M in
case of ∂M 6= ∅. By a Laplacian we mean a non-negative symmetric differential operator of order 2 with
principal symbol σL(∆M )(x, xm, ξ, ξm) =‖ ξ ‖2 +|ξm|2, where (x, xm) is a coordinate on M and (ξ, ξm)
is a coordinate on T ∗(x,xm)M . We also denote by ∆M0,D the Laplacian on M0 induced from ∆M with the
Dirichlet boundary condition on ∂M ∪N+ ∪N−. We choose a unit normal vector field ∂xm to N which
points outward on N+ and inward on N−. For 0 ≤ λ ∈ R, we define the Dirichlet-to-Neumann operator
R(λ) : C∞(E|N )→ C∞(E|N ) as follows. For f ∈ C∞(E|N ), choose ψ ∈ C∞(E0) satisfying
(∆M0 + λ)ψ = 0, ψ|N+ = ψ|N− = f, ψ|∂M = 0. (1.1)
In fact, ψ is given by ψ = f˜ − (∆M0,D + λ)−1(∆M0 + λ)f˜ , where f˜ is an arbitrary extension of f to M0.
We define
R(λ)f =
(∇∂xmψ) ∣∣N+ − (∇∂xmψ) ∣∣N− . (1.2)
It is well known that R(λ) is a non-negative self-adjoint elliptic operator of order 1.
For ν = [m2 ] + 1, it was shown in [2] (see also [4]) that
dν
dλν
{lnDet (∆M + λ)− lnDet (∆M0,D + λ)} =
dν
dλν
ln DetR(λ), (1.3)
which implies that there exists a real polynomial P (λ) =
∑ν−1
j=0 ajλ
j such that
lnDet (∆M + λ)− lnDet (∆M0,D + λ) =
ν−1∑
j=0
ajλ
j + lnDetR(λ). (1.4)
Remark : If M0 has two components, say, M1 and M2, it is understood that
lnDet (∆M0,D + λ) = lnDet (∆M1,D + λ) + lnDet (∆M2,D + λ) .
It is known that P (λ) is determined by some geometric data on an arbitrarily small collar neighborhood
U of N , and that P (λ) = 0 when dimM is even [14]. For a smooth function f : [a, b]→ R+, we consider
a warped product manifold [a, b]×f N . When U is isometric to [a, b]×f N and E is a trivial line bundle,
P (λ) was computed explicitly in terms of a warping function f in [12].
Suppose that for t→ 0+,
Tr
(
e−t∆M − e−t∆M0,D) ∼ ∞∑
j=0
cjt
−m+j
2 , (1.5)
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where c0 = 0. As λ→∞, the left hand side of (1.4) has the following asymptotic expansion (Lemma 2.1
in [13], eq. (5.1) in [25]):
lnDet (∆M + λ)− lnDet (∆M0,D + λ) ∼ −
N∑
j=0
j 6=m
cj
d
ds
(
Γ(s− m−j2 )
Γ(s)
)∣∣∣∣∣
s=0
λ
m−j
2 (1.6)
+ cm lnλ +
m−1∑
j=0
cj
(
Γ(s− m−j2 )
Γ(s)
)∣∣∣∣∣
s=0
λ
m−j
2 lnλ + O(λ−
N+1−m
2 ),
where N ≥ m+1. We note that the constant term does not appear in the above expansion. It was shown
in the Appendix of [2] that R(λ) is an elliptic ΨDO of order 1 with parameter of weight 2 and that for
λ→∞, lnDetR(λ) has the following asymptotic expansion,
lnDetR(λ) ∼
∞∑
j=0
πjλ
m−1−j
2 +
m−1∑
j=0
qjλ
m−1−j
2 lnλ, (1.7)
where each πi and qj can be computed by an integral of some density on N consisting of the homogeneous
symbol of the resolvent of R(λ). The comparison of these two asymptotic expansions with (1.4) shows
that
a0 = −πm−1. (1.8)
Let {φ1, · · · , φl} be an orthonormal basis of ker∆M , where l = dimker∆M . We define a positive definite
symmetric l × l matrix A0 as follows,
dij = 〈φi|N , φj |N 〉N , A0 = (dij) . (1.9)
Then, it is known [15, 19] that
lim
λ→0+
lnDet (∆M0,D + λ) = lnDet∆M0,D, (1.10)
lim
λ→0+
(lnDet (∆M + λ)− lnDetR(λ)) = ln detA0 + lnDet∆M − lnDetR,
where R := R(0). This fact leads to the final form of the BFK-gluing formula as follows:
lnDet∆M − lnDet∆M0,D = −πm−1 + ln detA0 + lnDetR. (1.11)
In this paper we are going to compute the homogeneous symbol of R(λ) using the boundary normal
coordinate system on a collar neighborhood of N . Using this result together with the method presented
in [21], we are going to express some coefficients of the small time asymptotic expansion of Tr e−tR(λ) and
the asymptotic expansion of lnDetR(λ) for λ→∞ by the scalar curvatures and principal curvatures of
N inM . These results enable us to express the coefficients of P (λ) by the scalar and principal curvatures
on N . As a byproduct we can describe the value of ζR(λ)(s) at s = 0 by using some coefficient in (1.5).
In fact, to compute the homogeneous symbol of R(λ), we need to perform a long tedious computation.
To avoid further complications, at some point we are going to restrict the argument to the case that N
is a 2-dimensional manifold, even though the method of this paper works for any dimension.
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2. The homogeneous symbol of the Dirichlet-to-Neumann operator R(λ)
In this section we are going to discuss the homogeneous symbol of the one parameter family R(λ) of
the Dirichlet-to-Neumann operators using the so-called boundary normal coordinate system on a collar
neighborhood of N . To compute the asymptotic expansion of lnDetR(λ), we regard λ as a parameter
of weight 2 so that the principal symbol of ∆N + λ is σL(∆N ) + λ. In this case, ∆N + λ and R(λ) are
called the elliptic operators with parameter of weight 2. For details of elliptic operators with parameter,
we refer to the Appendix of [2] or [10] and [23].
Recall that E → M is a vector bundle of rank r0 and ∆M is a Laplacian acting on smooth sections
of E . It is well known [3, 9] that there exists a connection ∇ : C∞(E) → C∞(T ∗M ⊗ E) and a bundle
endomorphism E : E → E such that
∆M = −
(
Tr∇2 + E) . (2.1)
Next, we are going to describe ∆M by using local coordinates and a local frame for E . We first choose a
normal coordinate x = (x1, · · · , xm−1) on an open neighborhood of p ∈ N with p = (0, · · · , 0). Let u be
the parameter along the unit speed geodesic γx(u) starting from x with the direction of ∂xm on a collar
neighborhood of N , which is outward on N+ and inward on N−. Then, (x, u) = (x1, · · · , xm−1, u) gives
a local coordinate system, which is called the boundary normal coordinate system. We will use u = xm
when notationally convenient, in particular in summations considered later. Since N is compact, we can
choose a uniform constant ǫ0 > 0 such that γx(u) is well defined for any x ∈ N and −ǫ0 ≤ u ≤ ǫ0. Then,
Uǫ0 := {(x, xm) | −ǫ0 < xm < ǫ0, x ∈ N } (2.2)
is a collar neighborhood of N in M with N being exactly the level of xm = 0. We denote
Nxm := {(x, xm) | x ∈ N }, (2.3)
which is diffeomorphic to N . In this coordinate system the metric tensor is given as follows:
g =
m−1∑
α,β=1
gαβ(x, xm)dx
αdxβ + (dxm)2, (2.4)
where gαβ(x, 0) = δαβ + O(x
2). In the following, the Greek indices α, β, · · · are always assumed to run
from 1 to m− 1 and the Roman indices i, j, k, · · · are assumed to run from 1 to m. We denote
(gαβ(x, xm))
−1
:=
(
gαβ(x, xm)
)
, |g|(x, xm) := det (gαβ(x, xm)) . (2.5)
We also denote
∂
∂xk
gij = gij,k,
∂2
∂x2k
gij = gij,kk,
∂
∂xk
gij = gij,k,
∂2
∂x2k
gij = gij,kk. (2.6)
On Uǫ0 we choose a local frame {ψ1, · · · , ψr0} and fix it throughout this paper, furthermore we denote by
ω : C∞
(
(T ∗M ⊗ E)|Uǫ0
) → C∞(E|Uǫ0 ) the connection form of ∇ on Uǫ0 with respect to {ψ1, · · · , ψr0},
i.e.
∇∂xjψk = ωjψk, where ωj := ω(∂xj ). (2.7)
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In the local coordinate (x, xm) on Uǫ0 , (2.1) is expressed as follows [9]. For φ ∈ C∞(E), we have
∆Mφ = −
m∑
i,j=1
gij
(
∇∂xi∇∂xj φ−∇∇∂xi ∂xj φ
)
− Eφ (2.8)
= −
m∑
i,j=1
gij
{
(∂xi + ωi)(∂xj + ωj)−
m∑
l=1
Γlij(∂xl + ωl)
}
φ− Eφ
=
m∑
i,j=1
{
−gij∂xi∂xj +
m∑
l=1
gijΓlij∂xl − 2gijωj∂xi − gij
(
∂xiωj + ωiωj −
m∑
l=1
Γlijωl
)}
φ− Eφ.
Lemma 2.1. In the boundary normal coordinate system given in (2.4), we have
(1)
m∑
i,j=1
(
−gij∂xi∂xj +
m∑
l=1
gijΓlij∂xl − 2gijωj∂xi
)
= −∂2xm −
1
2
m−1∑
α,β=1
gαβgαβ,m + 2ωm
 ∂xm
−
m−1∑
α,β=1
(
gαβ∂xα∂xβ +
(
1
2
gαβ(∂xα ln |g|) + (∂xαgαβ)
)
∂xβ + 2g
αβωβ∂xα
)
.
(2) −
m∑
i,j=1
gij
(
∂xiωj + ωiωj −
m∑
l=1
Γlijωl
)
= −
∂xmωm + ωmωm + 12
m−1∑
α,β=1
gαβgαβ,mωm
− m−1∑
α,β=1
gαβ
(
∂xαωβ + ωαωβ −
m−1∑
γ=1
Γγαβωγ
)
.
Proof. Using the boundary normal coordinate system, we get
−
m∑
i,j=1
gij∂xi∂xj = −∂2xm −
m−1∑
α,β=1
gαβ∂xα∂xβ , −2
m∑
i,j=1
gijωj∂xi = −2ωm∂xm − 2
m−1∑
α,β=1
gαβωβ∂xα ,
m∑
i,j,l=1
gijΓlij∂xl =
m∑
i,j=1
gijΓmij∂xm +
m∑
i,j=1
m−1∑
α=1
gijΓαij∂xα .
Since
Γkij =
1
2
m∑
s=1
gks (gjs,i + gsi,j − gij,s) , (2.9)
we have
Γmij = −
1
2
gij,m,
which leads to
m∑
i,j=1
gijΓmij = −
1
2
m∑
i,j=1
gijgij,m = −1
2
m−1∑
α,β=1
gαβgαβ,m. (2.10)
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Hence, we get
m∑
i,j=1
gijΓαij =
1
2
m∑
i,j=1
gij
m∑
s=1
gαs (gjs,i + gsi,j − gij,s)
=
1
2
m∑
i,j,s=1
gαs
(
gij∂xigjs + g
ij∂xjgsi − gij∂xsgij
)
=
1
2
m∑
i,j,s=1
(−(∂xigij)gαsgjs − (∂xjgij)gαsgsi − gαsgij∂xsgij)
=
1
2
− m∑
i=1
∂xig
iα −
m∑
j=1
∂xjg
αj
− 1
2
m∑
i,j,s=1
gαsgij∂xsgij
= −
m−1∑
γ=1
∂xγg
γα − 1
2
m−1∑
β=1
gαβ
∂
∂xβ
ln
∣∣g∣∣.
The second equality is obtained from (2.10). 
Corollary 2.2. In the boundary normal coordinate system on Uǫ0 , ∆M + λ is expressed as follows:
∆M + λ = −∂2xm Id + (A(x, xm)− 2ωm) ∂xm + D
(
x, xm,
∂
∂x
, λ
)
− (∂xmωm + ωmωm −A(x, xm)ωm) ,
where Id is an r0 × r0 identity matrix and
A(x, xm) =
−12
m−1∑
α,β=1
gαβ(x, xm) gαβ,m(x, xm)
 Id, (2.11)
D
(
x, xm,
∂
∂x
, λ
)
=

− m−1∑
α,β=1
gαβ(x, xm)∂xα∂xβ + λ
 (2.12)
−
m−1∑
α,β=1
(
1
2
gαβ(x, xm)(∂xα ln |g|(x, xm)) + (∂xαgαβ(x, xm))
)
∂xβ
 Id
−2
m−1∑
α,β=1
gαβ(x, xm)ωβ∂xα −
m−1∑
α,β=1
gαβ(x, xm)
(
∂xαωβ + ωαωβ −
m−1∑
γ=1
Γγαβωγ
)
− E.
We extend the unit normal vector field ∂xm to Uǫ0 along the geodesic γx(u), which we denote by ∂xm
again. We recall that the geodesic γx(u) and the corresponding coordinate xm flow from N+ to N− and
M0 is a compact manifold with boundary ∂M ∪ N+ ∪ N−. This shows that for x± ∈ N±, (x+, r) with
−ǫ0 < r ≤ 0 belongs to M0 and similarly (x−, r) with 0 ≤ r < ǫ0 belongs to M0. We keep this fact in
mind and define M0∓ , Mx−m for x
−
m < 0 and Mx+m for x
+
m > 0 as
M0− = M0+ :=M0, Mx−m :=M − ∪x−m<u<0Nu, Mx+m := M − ∪0<u<x+mNu. (2.13)
We write N± as N±0 . Then, Mx−m and Mx+m are compact manifolds with boundary ∂M ∪Nx−m ∪N−0 and
∂M ∪ N+0 ∪ Nx+m , respectively. We put Ex∓m := E|Mx∓m . We define Q
±
x∓m
(λ) : C∞(E|N
x
∓
m
)→ C∞(E|N
x
∓
m
),
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Ψ±
x∓m
(λ) : C∞(E|N
x
∓
m
)→ C∞(E|N∓
0
) as follows. For f∓ ∈ C∞(E|N
x
∓
m
), choose ψ∓ ∈ C∞(Ex∓m) such that
(∆M + λ)ψ
∓ = 0, ψ∓|∂M = 0, ψ∓|N
x
∓
m
= f∓, ψ∓|N∓
0
= 0. (2.14)
We define
Q+
x−m
(λ)(f−) =
(∇∂xmψ−) |Nx−m , Ψ+x−m(λ)(f−) = (−∇∂xmψ−) |N−0 , (2.15)
Q−
x+m
(λ)(f+) =
(−∇∂xmψ+) |Nx+m , Ψ−x+m(λ)(f+) = (∇∂xmψ−) |N+0 .
The Dirichlet-to-Neumann operator R(λ) defined in (1.2) is
R(λ) = Q+0 (λ) +Q
−
0 (λ) + Ψ
+
0 (λ) + Ψ
−
0 (λ). (2.16)
Remark : If M0 has two components, then Ψ
+
x−m
(λ) = Ψ−
x+m
(λ) = 0.
Lemma 2.3. Ψ±0 (λ) are smoothing operators.
Proof. We are going to show that Ψ+0 (λ) is a smoothing operator. The same method works for Ψ
−
0 (λ).
For f ∈ C∞(E|N+
0
), choose ψ ∈ C∞(E0) such that
(∆M + λ)ψ = 0, ψ|∂M = 0, ψ|N+
0
= f, ψ|N−
0
= 0. (2.17)
For xm ≤ 0,
Ψ+xm(λ)
(
Ψ(x, xm)|Nxm
)
=
(−∇∂xmψ) |N−0 . (2.18)
We note that the right hand side of (2.18) does not depend on xm since the normal derivative is taken
on N−. Taking the derivative of (2.18) with respect to xm and using ∇∂xm = ∂xm + ωm, we get
0 =
(
∂xmΨ
+
xm(λ)
) (
Ψ(x, xm)|Nxm
)
+Ψ+xm(λ) (∂xmΨ(x, xm)) |Nxm
=
(
∂xmΨ
+
xm(λ)
) (
Ψ(x, xm)|Nxm
)
+Ψ+xm(λ)
(∇∂xm − ωm)Ψ(x, xm)|Nxm
=
{
∂xmΨ
+
xm(λ) + Ψ
+
xm(λ)Q
+
xm(λ)−Ψ+xm(λ)ωm
}
Ψ(x, xm)|Nxm .
When xm = 0, the above equality leads to
Ψ+0 (λ)Q
+
0 (λ) = −∂xmΨ+0 (λ) + Ψ+0 (λ)ωm. (2.19)
We note that Ψ+0 (λ), ∂xmΨ
+
0 (λ), Ψ
+
0 (λ) ωm and Q
+
0 (λ) are ΨDO’s of order 1, and Q
+
0 (λ) is an elliptic
operator. If we consider the homogeneous symbol of order 2 in (2.19), we can see that the order 1 part
of the homogeneous symbol of Ψ+0 (λ) is zero. Using (2.19) repeatedly, one can show recursively that all
parts of the homogeneous symbol of Ψ+0 (λ) vanish. Hence, Ψ
+
0 (λ) is a smoothing operator. 
The above result with (2.16) shows that it is enough to consider only Q±0 (λ) when we compute the
homogeneous symbol of R(λ). To compute the homogeneous symbols of Q±xm(λ), we are going to find
two Riccati type equations involving Q±xm(λ) as follows. This idea goes back to I.M. Gelfand. We recall
that for f ∈ C∞(E|N0 ), we choose ψ(x, xm) satisfying the property (2.17). Using ∇∂xm = ∂xm + ωm and
the definition of Q+xm(λ) for xm ≤ 0, we get
((∂xm + ωm)ψ)
∣∣
Nxm
=
(∇∂xmψ) ∣∣Nxm = Q+xm(λ) (ψ|Nxm ) .
Taking ∇∂m = ∂m + ωm one more time, we have{
(∂xm + ωm)
2ψ
} ∣∣
Nxm
= (∂xm + ωm)Q
+
xm(λ)
(
ψ|Nxm
)
= (∂xmQ
+
xm(λ))
(
ψ|Nxm
)
+Q+xm(λ)
(
∂xmψ|Nxm
)
+ ωmQ
+
xm(λ)
(
ψ|Nxm
)
=
(
∂xmQ
+
xm(λ) +Q
+
xm(λ)
2 −Q+xm(λ)ωm + ωmQ+xm(λ)
) (
ψ|Nxm
)
.
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On the other hand, Corollary 2.2 with (2.17) shows that{
(∂xm + ωm)
2ψ
} ∣∣
Nxm
=
{
(∂2xm + (∂xmωm) + 2ωm∂xm + ωmωm)ψ
} ∣∣
Nxm
=
{(
D
(
x, xm,
∂
∂x
, λ
)
+A(x, xm)∂xm +A(x, xm)ωm
)
ψ
} ∣∣
Nxm
=
{(
D
(
x, xm,
∂
∂x
, λ
)
+A(x, xm)Q
+
xm(λ)
)
ψ
} ∣∣
Nxm
,
which leads to
Q+xm(λ)
2 + ∂xmQ
+
xm(λ) −Q+xm(λ)ωm + ωmQ+xm(λ) = D
(
x, xm,
∂
∂x
, λ
)
+A(x, xm)Q
+
xm(λ). (2.20)
We next consider the case of Q−xm(λ) for xm ≥ 0 in the same way. For f ∈ C∞(EN−0 ), we choose
φ(x, xm) ∈ C∞(E0) satisfying
(∆M + λ)φ = 0, φ|∂M = 0, φ|N+
0
= 0, φ|N−
0
= f.
From the definition of Q−xm(λ), we get(∇∂xmφ) ∣∣Nxm = ((∂xm + ωm)φ) ∣∣Nxm = − Q−xm(λ) (φ|Nxm ) ,
which leads to{
(∂xm + ωm)
2φ
} ∣∣
Nxm
= −(∂xm + ωm)Q−xm(λ)
(
φ|Nxm
)
= −(∂xmQ−xm(λ))
(
φ|Nxm
)−Q−xm(λ) (∂xmφ|Nxm )− ωmQ−xm(λ) (φ|Nxm )
=
(−∂xmQ−xm(λ) +Q−xm(λ)2 +Q−xm(λ)ωm − ωmQ−xm(λ)) (φ|Nxm ) .
On the other hand, Corollary 2.2 shows that{
(∂xm + ωm)
2φ
} ∣∣
Nxm
=
{
(∂2xm + (∂xmωm) + 2ωm∂xm + ωmωm)φ
} ∣∣
Nxm
=
{(
D
(
x, xm,
∂
∂x
, λ
)
+A(x, xm)∂xm +A(x, xm)ωm
)
φ
} ∣∣
Nxm
=
{(
D
(
x, xm,
∂
∂x
, λ
)
−A(x, xm)Q−xm(λ)
)
φ
} ∣∣
Nxm
,
which leads to
Q−xm(λ)
2 − ∂xmQ−xm(λ)− ωmQ−xm(λ) +Q−xm(λ)ωm = D
(
x, xm,
∂
∂x
, λ
)
−A(x, xm)Q−u (λ). (2.21)
Eqs. (2.20) and (2.21) give the following two Riccati type equations, which are very useful in computing
the homogeneous symbols of Q±xm(λ).
Lemma 2.4. Q±xm(λ) satisfy the following equations.
Q+xm(λ)
2 = D
(
x, xm,
∂
∂x
, λ
)
+A(x, xm)Q
+
xm(λ)− ∂xmQ+xm(λ) +
(
Q+xm(λ)ωm − ωmQ+xm(λ)
)
,
Q−xm(λ)
2 = D
(
x, xm,
∂
∂x
, λ
)
−A(x, xm)Q−xm(λ) + ∂xmQ−xm(λ) −
(
Q−xm(λ)ωm − ωmQ−xm(λ)
)
.
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Remark : (1) We may identify Nxm with N0 along the geodesic γx(u). Using this identification, we may
regard Q±xm(λ) to be one parameter families of operators defined on C
∞(E|N0 ).
(2) When M is a closed manifold and M0 has two components M1 and M2, Q
+
0 (0) is equal to the
Dirichlet-to-Neumann operator defined in [17] or [21]. In this case, the first equation in the above lemma
is equal to the equation given in (1.4) of [17].
We now use Lemma 2.4 to compute the homogeneous symbols of Q±xm(λ). We denote the homogeneous
symbols of D
(
x, xm,
∂
∂x , λ
)
, Q+xm(λ) and Q
−
xm(λ) as follows (cf. (2.12)).
σ
(
D
(
x, xm,
∂
∂x
, λ
))
= p2(x, xm, ξ, λ) + p1(x, xm, ξ) + p0(x, xm, ξ), (2.22)
σ
(
Q+xm(λ)
) ∼ α1(x, xm, ξ, λ) + α0(x, xm, ξ, λ) + α−1(x, xm, ξ, λ) + · · · ,
σ
(
Q−xm(λ)
) ∼ β1(x, xm, ξ, λ) + β0(x, xm, ξ, λ) + β−1(x, xm, ξ, λ) + · · · ,
where
p2(x, xm, ξ, λ) =
 m−1∑
α,β=1
gαβ(x, xm)ξαξβ + λ
 Id = (|ξ|2 + λ) Id, (2.23)
p1(x, xm, ξ) = −i
m−1∑
α,β=1
(
1
2
gαβ(x, xm)∂xα ln |g|(x, xm) + ∂xαgαβ(x, xm)
)
ξβ Id−2i
m−1∑
α,β=1
gαβωαξβ ,
p0(x, xm, ξ) = −
m−1∑
αβ=1
gα,β
(
∂xαωβ + ωαωβ −
m−1∑
γ=1
Γγαβωγ
)
− E.
Then, we have
σ
(
∂xmQ
+
xm(λ)
)
= ∂xmα1(x, xm, ξ, λ) + ∂xmα0(x, xm, ξ, λ) + ∂xmα−1(x, xm, ξ, λ) + · · · , (2.24)
σ
(
∂xmQ
−
xm(λ)
)
= ∂xmβ1(x, xm, ξ, λ) + ∂xmβ0(x, xm, ξ, λ) + ∂xmβ−1(x, xm, ξ, λ) + · · · .
We put Dx :=
1
i ∂x and denote by (x, ξ) a coordinate for T
∗N . It is well known [8, 23] that
σ
(
Q+xm(λ)
2
) ∼ ∞∑
k=0
∑
|ω|+i+j=k
i,j≥0
1
ω!
∂ωξ α1−i(x, xm, ξ, λ) ·Dωxα1−j(x, xm, ξ, λ) (2.25)
= α21 + (∂ξα1 ·Dxα1 + 2α1 · α0)
+
2α1α−1 + α20 − i(∂ξα0)(∂xα1)− i(∂ξα1)(∂xα0)− ∑
|ω|=2
1
ω!
(∂ωξ α1)(∂
ω
xα1)
 + · · · ,
σ
(
Q−xm(λ)
2
) ∼ ∞∑
k=0
∑
|ω|+i+j=k
i,j≥0
1
ω!
∂ωξ β1−i(x, xm, ξ, λ) ·Dωxβ1−j(x, xm, ξ, λ) (2.26)
= β21 + (∂ξβ1 ·Dxβ1 + 2β1 · β0)
+
2β1β−1 + β20 − i(∂ξβ0)(∂xβ1)− i(∂ξβ1)(∂xβ0)− ∑
|ω|=2
1
ω!
(∂ωξ β1)(∂
ω
x β1)
 + · · · .
By comparing the degree of homogeneity of the equations in Lemma 2.4, we can compute the homogeneous
symbols of Q+xm(λ) and Q
−
xm(λ). For example, the first three terms are given as follows (cf. (2.2) and
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(2.3) in [21]). From now on we often omit Id to simplify the presentation.
α1(x, xm, ξ, λ) =
√
|ξ|2 + λ, (2.27)
α0(x, xm, ξ, λ) =
1
2
√|ξ|2 + λ
{
p1(x, xm, ξ) +A(x, xm)
√
|ξ|2 + λ
−∂ξ
√
|ξ|2 + λ · 1
i
∂x
√
|ξ|2 + λ− ∂xm
√
|ξ|2 + λ
}
,
α−1(x, xm, ξ, λ) =
1
2
√|ξ|2 + λ
{ ∑
|ω|=2
1
ω!
(∂ωξ α1)(∂
ω
x α1) + i(∂ξα0)(∂xα1) + i(∂ξα1)(∂xα0)− α20
+p0 +A(x, xm)α0 − ∂xmα0 + (α0ωm − ωmα0)
}
.
Remark : When λ = 0 and xm = 0, the homogeneous symbol of Q
+
0 (0) given above is equal to the one
for the Dirichlet-to-Neumann operator given in (2.2) - (2.4) of [21].
Similarly,
β1(x, xm, ξ, λ) =
√
|ξ|2 + λ, (2.28)
β0(x, xm, ξ, λ) =
1
2
√|ξ|2 + λ
{
p1(x, xm, ξ)−A(x, xm)
√
|ξ|2 + λ
−∂ξ
√
|ξ|2 + λ · 1
i
∂x
√
|ξ|2 + λ+ ∂xm
√
|ξ|2 + λ
}
,
β−1(x, xm, ξ, λ) =
1
2
√|ξ|2 + λ
{ ∑
|ω|=2
1
ω!
(∂ωξ β1)(∂
ω
x β1) + i(∂ξβ0)(∂xβ1) + i(∂ξβ1)(∂xβ0)− β20
+p0 −A(x, xm)β0 + ∂xmβ0 − (β0ωm − ωmβ0)
}
.
Since R(λ) = Q+0 (λ) +Q
−
0 (λ) up to a smoothing operator, the homogeneous symbol of R(λ) is given as
follows.
σ(R(λ))(x, 0, ξ, λ) ∼ θ1(x, 0, ξ, λ) + θ0(x, 0, ξ, λ) + θ−1(x, 0, ξ, λ) + · · · , (2.29)
where θ1−j(x, 0, ξ, λ) = α1−j(x, 0, ξ, λ) + β1−j(x, 0, ξ, λ). The first three terms of σ(R(λ))(x, 0, ξ, λ) are
given as follows.
θ1 = α1 + β1 = 2
√
|ξ|2 + λ, (2.30)
θ0 = α0 + β0 =
1√|ξ|2 + λ
{
p1 − ∂ξ
√
|ξ|2 + λ · 1
i
∂x
√
|ξ|2 + λ
}
,
θ−1 = α−1 + β−1 =
1
2
√|ξ|2 + λ
{ ∑
|ω|=2
2
ω!
(∂ωξ α1)(∂
ω
xα1) + i∂ξ(α0 + β0)∂xα1 + i(∂ξα1)∂x(α0 + β0)
−(α20 + β20) + 2p0 +A(x, 0)(α0 − β0)− ∂xm(α0 − β0)
}
,
where
(α0 − β0)(x, xm, ξ, λ) = A(x, xm) − ∂xm
√|ξ|2 + λ√|ξ|2 + λ , (2.31)
and hence (α0 − β0)ωm − ωm(α0 − β0) = 0 since α0 − β0 is a scalar function.
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We denote the homogeneous symbol of the resolvent (µ−R(λ))−1 by
σ
(
(µ−R(λ))−1) (x, ξ, λ, µ) ∼ r−1(x, ξ, λ, µ) + r−2(x, ξ, λ, µ) + r−3(x, ξ, λ, µ) + · · · . (2.32)
Then,
r−1(x, ξ, λ, µ) =
(
µ− 2
√
|ξ|2 + λ
)−1
, (2.33)
r−1−j(x, ξ, λ, µ) =
(
µ− 2
√
|ξ|2 + λ
)−1 j−1∑
k=0
∑
|ω|+l+k=j
1
ω!
∂ωξ θ1−l ·Dωx r−1−k,
which shows that the first three terms are given as follows:
r−1 =
(
µ− 2
√
|ξ|2 + λ
)−1
, (2.34)
r−2 =
(
µ− 2
√
|ξ|2 + λ
)−1
{∂ξθ1 ·Dxr−1 + θ0 · r−1} ,
r−3 =
(
µ− 2
√
|ξ|2 + λ
)−1 { ∑
|ω|=2
1
ω!
∂ωξ θ1 ·Dωx r−1 + ∂ξθ1 ·Dxr−2
+∂ξθ0 ·Dxr−1 + θ0 · r−2 + θ−1 · r−1
}
.
It was shown in the Appendix of [2] that the coefficients πj and qj in (1.7) are computed by the following
integrals:
πj = − ∂
∂s
∣∣∣∣
s=0
∫
N
(
1
(2π)m−1
∫
T∗xN
1
2πi
∫
γ
µ−sTr r−1−j
(
x, ξ,
λ
|λ| , µ
)
dµdξ
)
d vol(N ), (2.35)
qj =
1
2
∫
N
(
1
(2π)m−1
∫
T∗xN
1
2πi
∫
γ
µ−sTr r−1−j
(
x, ξ,
λ
|λ| , µ
)
dµdξ
)
d vol(N )
∣∣∣∣
s=0
.
In the next section, we are going to compute πj and qj in the boundary normal coordinate system when
N is a 2-dimensional closed manifold.
3. The asymptotic expansion of lnDetR(λ) for λ→∞
For p ∈ N , we choose a normal coordinate x = (x1, · · · , xm−1) on an open neighborhood of p with
p = (0, · · · , 0). We next choose the boundary normal coordinate system (x, xm) = (x1, · · · , xm−1, xm) on
Uǫ0 as introduced in the beginning of Section 2. Then, {∂x1 , · · · , ∂xm−1 , ∂xm} is a local basis for TM
∣∣
Uǫ0
.
We denote by ∇LC the Levi-Civita connection on (M, g) and define the Riemann curvature tensor by
R(∂xi , ∂xj)∂xk := ∇LC∂xi∇
LC
∂xj
∂xk −∇LC∂xj∇
LC
∂xi
∂xk −∇LC[∂xi ,∂xj ]∂xk . (3.1)
We note that at the point p ∈ N , {∂x1|p, · · · , ∂xm−1 |p, ∂xm |p} is an orthonormal basis for TpM . In this
case, we define the components of the Riemannian curvature tensor and Ricci tensor at p ∈ N as follows.
Rαβγδ(p) := 〈R(∂xα , ∂xβ )∂xγ , ∂xδ〉|p, Rαβ(p) :=
m−1∑
γ=1
〈R(∂xγ , ∂xα)∂xβ , ∂xγ 〉|p. (3.2)
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The scalar curvatures τN (p) of N and τM (p) of M at p are defined by
τN (p) :=
m−1∑
α=1
Rαα(p) =
m−1∑
α,γ=1
Rγααγ(p) = −
m−1∑
α,γ=1
Rγαγα(p), (3.3)
τM (p) :=
m∑
i,j=1
〈R(∂xi , ∂xj )∂xj , ∂xi〉|p.
It is well known [21, 24] that for 1 ≤ α, β ≤ m− 1,
gαβ(x, 0) = δαβ +
m−1∑
µ,ν=1
1
3
Rαµβνx
µxν +O(|x|3), (3.4)
gαβ(x, 0) = δαβ −
m−1∑
µ,ν=1
1
3
Rαµβνx
µxν +O(|x|3),
|g|(x, 0) = 1− 1
3
m−1∑
µ,ν=1
Rµνx
µxν +O(|x|3),
which shows that
gαβ,γǫ(p) = − 1
3
(Rαγβǫ(p) +Rαǫβγ(p)), ∂xµ∂xν |g|(p) = −2
3
Rµν(p). (3.5)
Since ∂xm is an inward normal vector field on N− ⊂M0, we are going to define the principal curvatures
of N− ⊂ M0. The principal curvatures of N+ ⊂ M0 are those of N− ⊂ M0 with opposite sign. We
define the shape operator Sp : TpN− → TpN− as follows:
Sp(∂xα |p) := − (∇LC∂xα∂xm)
∣∣
p
= −
m∑
j=1
Γjαm(p) ∂xj |p
= −1
2
m∑
j,s=1
gjs(p)(gms,α + gsα,m − gαm,s)(p) ∂xj |p
= −1
2
m∑
j=1
gjα,m(p) ∂xj |p = −
1
2
m−1∑
β=1
gαβ,m(p) ∂xβ |p, (3.6)
where we used the relation (2.9) with gjs(p) = δjs and gmj,k(x, xm) = 0. Since (gαβ,m(p)) is a symmetric
matrix, it is diagonalizable. We initially choose a normal coordinate system on an open neighborhood of
p in N such that
gαβ,m(p) =
{
−2κα for α = β
0 for α 6= β. (3.7)
Then, Sp(∂xα |p) = κα∂xα |p, where κα is a principal curvature of N− embedded in M at p. Since
gαβ,m(p) = −gαβ,m(p) [21], we get gαβ,m(p) = 2καδαβ . We define the r-mean curvature Hr(p) of N− by
Hr(p) =
1(
m−1
r
)σr(κ1, · · · , κm−1) = r!(m − 1− r)!
(m− 1)! σr(κ1, · · · , κm−1),
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where σr : R
m−1 → R is the r-th elementary symmetric function defined by σr(u1, · · · .um−1) =∑
1≤i1<···<ir≤m−1
ui1 · · ·uir [1]. In particular, H1(p) and H2(p) are defined by
H1(p) =
1
m− 1
m−1∑
α=1
κα, H2(p) =
2
(m− 1)(m− 2)
∑
1≤α<β≤m−1
κακβ . (3.8)
It was shown in [21] that
m−1∑
α=1
gαα,mm(p) = 8
m−1∑
α=1
κ2α −
m−1∑
α=1
gαα,mm(p), (3.9)
−
m−1∑
α=1
gαα,mm(p) = τM (p)− τN (p)− 2(m− 1)2H21 (p) + 3(m− 1)(m− 2)H2(p),
∫
Rm−1
|ξ|k
m−1∑
α,β,γ,ǫ=1
gαβ,γǫξαξβξγξǫ dξ = 0 for k < −3−m.
We summarize these facts as follows ([21]).
Lemma 3.1. We consider the boundary normal coordinate system on an open neighborhood Uǫ0 of p ∈ N
with metric tensor g = (gij) and p = (0, · · · , 0). Then, we have the following equalities:
(1) gαβ,αβ(p) = − 1
3
Rαββα(p), g
αα,ββ(p) =
2
3
Rαββα(p),
(2) ∂xα∂xα ln
∣∣g∣∣(p) = −2
3
Rαα(p), τN (p) =
m−1∑
α,β=1
Rαββα(p) = −
m−1∑
α,γ=1
Rαβαβ(p),
(3) gαβ,m(p) = 2καδαβ = −gαβ,m(p),
∫
Rm−1
|ξ|k
m−1∑
α,β,γ,ǫ=1
gαβ,γǫξαξβξγξǫdξ = 0 for k < −3−m,
(4)
m−1∑
α=1
gαα,mm(p) = 8
m−1∑
α=1
κ2α −
m−1∑
α=1
gαα,mm(p),
(5)
m−1∑
α=1
gαα,mm(p) = −
{
τM (p)− τN (p)− 2(m− 1)2H21 (p) + 3(m− 1)(m− 2)H2(p)
}
,
where τM (p) and τN (p) are scalar curvatures of M and N at p ∈ N , respectively.
Using the above equalities and the integral formula (2.35), we are going to compute the coefficients
πj and qk in (1.7). For this purpose we need to compute the homogeneous symbol of (µ − R(λ))−1
by using the metric tensors and Lemma 3.1, and then apply it to the formula (2.35). In fact, this
computation is very tedious and complicated. In order to avoid some of the complications and to simplify
the presentation, we restrict the argument to the case of m = 3, even though the method presented here
works for a manifold of arbitrary dimension. In the remaining part of this paper we assume that N is a
2-dimensional closed Riemannian manifold. In this case (1.4), (1.6) and (1.7) are rewritten as follows,
lnDet (∆M + λ)− lnDet (∆M0,D + λ) = a0 + a1λ+ lnDetR(λ), (3.10)
lnDet (∆M + λ)− lnDet (∆M0,D + λ) ∼ −c1λ lnλ+ c3 lnλ+ c1λ+ 2
√
πc2λ
1
2 −√πc4λ− 12 + · · · ,
lnDetR(λ) ∼ q0λ lnλ+ q1λ 12 lnλ+ q2 lnλ+ π0λ+ π1λ 12 + π2 + π3λ− 12 + · · · ,
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where aj =
∫
N
aj(p) d vol(N ) and
Tr
(
e−t∆M − e−t∆M0,D) ∼ ∞∑
j=0
cjt
−3+j
2 for t→ 0+, (3.11)
with c0 = 0 and cj =
∫
N
cj(p) d vol(N ); see eq. (1.5). The density cj(p) for p ∈ N is computed in
Theorem 3.4.1 of [9] or Section 4.2 of [11] as follows. For r0 = rankE ,
c0(p) = 0, c1(p) =
r0
8π
, c2(p) = 0. (3.12)
Lemma 3.2. For each p ∈ N , the density c3(p) is given as
c3(p) = r0
(
τM (p)
64π
+
τN (p)
192π
− H
2
1 (p)
64π
+
H2(p)
64π
)
+
1
8π
TrE(p).
Proof. From Theorem 3.4.1 of [9], we get
c3(p) = (−2) · r0 · −1
384
· 1
4π
{
16τM (p) + 8
2∑
α=1
Rα3α3(p) + 7(κ1 + κ2)
2 − 10(κ21 + κ22)
}
+
1
8π
TrE(p)
= r0
{
τM (p)
48π
+
1
96π
2∑
α=1
Rα3α3(p)− H
2
1 (p)
64π
+
5H2(p)
192π
}
+
1
8π
TrE(p). (3.13)
Using (2.4) at a point p ∈ N , we get
2∑
α=1
Rα3α3(p) =
2∑
α=1
〈∇LC∂xα∇LC∂x3 ∂xα −∇
LC
∂x3
∇LC∂xα∂xα , ∂x3〉
∣∣
p
(3.14)
=
2∑
α=1
3∑
l=1
〈∇LC∂xα (Γl3α∂xl)−∇LC∂x3 (Γ
l
αα∂xl), ∂x3〉
∣∣
p
=
2∑
α=1
{
Γ33α,α(p)− Γ3αα,3(p)
}
+
2∑
α=1
3∑
l=1
{
Γl3α(p)Γ
3
αl(p)− Γlαα(p)Γ33l(p)
}
.
By the relation (2.9), we get the following equalities:
Γ33j(x) =
1
2
3∑
s=1
g3s (gjs,3 + gs3,j − g3j,s) = 1
2
(gj3,3 + g33,j − g3j,3) = 0, (3.15)
Γ3αα(x) =
1
2
3∑
s=1
g3s (gαs,α + gsα,α − gαα,s) = 1
2
(gα3,α + g3α,α − gαα,3) = −1
2
gαα,3(x),
Γl3α(p) =
1
2
3∑
s=1
gls (gαs,3 + gs3,α − g3α,s)
∣∣
p
=
1
2
(gαl,3 + gl3,α − g3α,l)
∣∣
p
=
1
2
gαl,3(p) = −καδαl,
Γ3αl(p) =
1
2
3∑
s=1
g3s (gls,α + gsα,l − gαl,s)
∣∣
p
=
1
2
(gl3,α + g3α,l − gαl,3)
∣∣
p
= −1
2
gαl,3(p) = καδαl,
which shows that
2∑
α=1
Rα3α3(p) = −
2∑
α=1
Γ3αα,3(p)− (κ21 + κ22) =
1
2
2∑
α=1
gαα,33(p)− 4H21 (p) + 2H2(p)
= − 1
2
(τM (p)− τN (p))−H2(p),
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where in the last equality we used the statement (5) in Lemma 3.1. This together with (3.13) yields the
result. 
We now compute the densities πj(p) and qj(p) for p ∈ N by using (2.34) and (2.35). The following
lemma is straightforward and will turn out to be very helpful.
Lemma 3.3. Let C+ = C− {r ∈ R|r ≤ 0}. For z ∈ C+ let γ be a counterclockwise contour in C+ with
z inside γ. Then for Re s > 2 the following integrals are all well defined and one computes:
(1)
1
2πi
∫
γ
µ−s
µ− z dµ = z
−s,
1
2πi
∫
γ
µ−s
(µ− z)2 dµ = −sz
−s−1,
1
2πi
∫
γ
µ−s
(µ− z)3 dµ =
1
2
s(s+ 1)z−s−2,
(2)
1
4π2
∫
R2
(|ξ|2 + 1)− s2 dξ = 1
2π
1
s− 2 ,
1
4π2
∫
R2
(|ξ|2 + 1)− s2−1dξ = 1
2π
1
s
,
1
4π2
∫
R2
ξ21(|ξ|2 + 1)−
s
2
−2dξ =
1
2π
1
s(s+ 2)
,
1
4π2
∫
R2
ξ21ξ
2
2(|ξ|2 + 1)−
s
2
−3dξ =
1
2π
1
s(s+ 2)(s+ 4)
,
1
4π2
∫
R2
ξ41(|ξ|2 + 1)−
s
2
−3dξ =
3
2π
1
s(s+ 2)(s+ 4)
.
3.1. The coefficients π0 and q0. From (2.34) and (2.35), we note that
r−1
(
x, ξ,
λ
|λ| , µ
)
|x=p = (µ− 2
√
|ξ|2 + 1)−1
which shows that
1
(2π)2
∫
T∗pN
1
2πi
∫
γ
µ−sTr r−1
(
x, ξ,
λ
|λ| , µ
)
|x=p dµdξ = r0
(2π)2
∫
T∗pN
2−s(|ξ|2 + 1)− s2 dξ
=
r0
2π
· 2
−s
s− 2 .
Hence,
π0(p) = −r0
(
1
4π
ln 2− 1
8π
)
, q0(p) = − r0
8π
. (3.16)
Denoting the volume form on N as before by d vol(N ), these results yield the following equalities by
integration,
π0 =
∫
N
π0(p) d vol(N ) = r0
(
− 1
4π
ln 2 +
1
8π
)
vol(N ), (3.17)
q0 =
∫
N
q0(p) d vol(N ) = − r0
8π
vol(N ).
Remark : If we compare the coefficients of λ ln λ in the two asymptotic expansions in (3.10), we see that
q0 = −c1, which together with (3.12) implies the second equality of (3.17).
3.2. The coefficients π1 and q1. Since r−2
(
x, ξ, λ|λ| , µ
)
is an odd function with respect to ξ, the
densities vanish, i.e. π1(p) = q1(p) = 0, and hence π1 = q1 = 0.
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3.3. The coefficients π2 and q2. We recall from (2.34) that
r−3(x, ξ, λ, µ)|x=p
=
(
µ− 2
√
|ξ|2 + λ
)−1 { ∑
|ω|=2
1
ω!
∂ωξ θ1 ·Dωx r−1 + ∂ξθ1 ·Dxr−2
+∂ξθ0 ·Dxr−1 + θ0 · r−2 + θ−1 · r−1
}∣∣
x=p
=: (I) + (II) + (III) + (IV) + (V).
For two integrable functions f(ξ) and g(ξ) on R2, we define an equivalence relation ” ≈ ” as follows:
f ≈ g if and only if
∫
R2
f(ξ) dξ =
∫
R2
g(ξ) dξ.
In the remaining part of this section we perform a complicated and tedious computation in order to find
(I)− (V). We keep in mind that we are using the boundary normal coordinates on an open neighborhood
of p ∈ N .
(I) = (µ− 2
√
|ξ|2 + λ)−1
∑
|ω|=2
1
ω!
∂ωξ θ1 ·Dωx r−1
∣∣∣∣
x=p
= (µ− 2
√
|ξ|2 + λ)−1
{
1
2
2∑
α=1
∂ξα∂ξα
(
2
√
|ξ|2 + λ
)
· (−1)∂xα∂xα
(
µ− 2
√
|ξ|2 + λ
)−1
+∂ξ1∂ξ2
(
2
√
|ξ|2 + λ
)
· (−1)∂x1∂x2
(
µ− 2
√
|ξ|2 + λ
)−1} ∣∣∣∣
x=p
.
It is straightforward that
−1
2
∂ξα∂ξα
(
2
√
|ξ|2 + λ
) ∣∣∣∣
x=p
=
−gαα√|ξ|2 + λ + (
∑2
γ=1 g
αγξγ)(
∑2
κ=1 g
ακξκ)
(|ξ|2 + λ)3/2
∣∣∣∣
x=p
,
∂xα∂xα
(
µ− 2
√
|ξ|2 + λ
)−1 ∣∣
x=p
=
∑2
µ,ν=1 g
µν,ααξµξν(
µ− 2√|ξ|2 + λ)2√|ξ|2 + λ
∣∣∣∣
x=p
,
which shows that
−1
2
2∑
α=1
∂ξα∂ξα
(
2
√
|ξ|2 + λ
)
· ∂xα∂xα
(
µ− 2
√
|ξ|2 + λ
)−1 ∣∣
x=p
≈ −
∑2
α,κ=1 g
κκ,ααξ2κ(
µ− 2√|ξ|2 + λ)2 (|ξ|2 + λ) +
∑2
α,θ=1 g
θθ,ααξ2αξ
2
θ(
µ− 2√|ξ|2 + λ)2 (|ξ|2 + λ)2
∣∣∣∣
x=p
≈ −
2
3τN (p)ξ
2
1(
µ− 2√|ξ|2 + λ)2 (|ξ|2 + λ) +
2
3τN (p)ξ
2
1ξ
2
2(
µ− 2√|ξ|2 + λ)2 (|ξ|2 + λ)2 .
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Similarly,
− ∂ξ1∂ξ2
(
2
√
|ξ|2 + λ
)
· ∂x1∂x2
(
µ− 2
√
|ξ|2 + λ
)−1 ∣∣
x=p
≈ 4g
12,12ξ21ξ
2
2(
µ− 2√|ξ|2 + λ)2 (|ξ|2 + λ)2
∣∣
x=p
=
− 43R1221ξ21ξ22(
µ− 2√|ξ|2 + λ)2 (|ξ|2 + λ)2
∣∣
x=p
=
− 23τN (p)ξ21ξ22(
µ− 2√|ξ|2 + λ)2 (|ξ|2 + λ)2 .
Adding the above two terms, we get
(I) ≈ −
2
3 τN (p) ξ
2
1
(µ− 2√|ξ|2 + λ)3(|ξ|2 + λ) ,
which leads to
1
(2π)2
∫
T∗pN
1
2πi
∫
γ
µ−s Tr(I)
(
x, ξ,
λ
|λ| , µ
)
dµ dξ = − r0 · τN (p)
24π
· 2−s · s+ 1
s+ 2
. (3.18)
The other terms are computed in the same way. Each term is evaluated at x = p ∈ N , which we
sometimes omit for simple presentation. The results of the other cases are given as follows.
(II) =
∂ξθ1 ·Dxr−2
µ− 2√|ξ|2 + λ
∣∣∣∣
x=p
=
(−i)∑2α=1 (∂ξα2√|ξ|2 + λ) · ∂xα ((µ− 2√|ξ|2 + λ)−1(∑2β=1 ∂ξβθ1 ·Dxβr−1 + θ0 · r−1))
µ− 2√|ξ|2 + λ
≈
−2
(∑2
α,γ=1 g
γα,γα + 12
∑2
α=1 ∂xα∂xα ln
∣∣g∣∣(p)) ξ21
(µ− 2√|ξ|2 + λ)3(|ξ|2 + λ) + −4
∑2
α=1 (∂xαωα) ξ
2
α
(µ− 2√|ξ|2 + λ)3(|ξ|2 + λ)
=
−2
(
−∑2α,γ=1 13Rγααγ + 12∑2α=1 (− 23Rαα)) ξ21
(µ− 2√|ξ|2 + λ)3(|ξ|2 + λ) + −4
∑2
α=1 (∂xαωα) ξ
2
α
(µ− 2√|ξ|2 + λ)3(|ξ|2 + λ)
≈
4
3τN (p)ξ
2
1 − 4
∑2
α=1 (∂xαωα) ξ
2
1
(µ− 2√|ξ|2 + λ)3(|ξ|2 + λ) ,
which leads to
1
(2π)2
∫
T∗pN
1
2πi
∫
γ
µ−s Tr(II)
(
x, ξ,
λ
|λ| , µ
)
dµ dξ
= r0 · τN (p)
12π
· 2−s · s+ 1
s+ 2
− 1
4π
(
Tr
∑
α
∂xαωα
∣∣
x=p
)
· 2−s · s+ 1
s+ 2
. (3.19)
(III) =
∑2
α=1 ∂ξαθ0 ·Dxαr−1
µ− 2√|ξ|2 + λ
∣∣∣∣
x=p
=
(−i)∑2α=1 ∂ξαθ0 · ∂xα(µ− 2√|ξ|2 + λ)−1
µ− 2√|ξ|2 + λ
∣∣∣∣
x=p
=
(−i)∑2α=1 ∂ξαθ0 ·∑2γ,δ=1 gγδ,αξγξδ
(µ− 2√|ξ|2 + λ)3√|ξ|2 + λ
∣∣∣∣
x=p
= 0, (3.20)
18 KLAUS KIRSTEN AND YOONWEON LEE
since gγδ,α(p) = 0.
(IV) =
θ0 · r−2
µ− 2√|ξ|2 + λ ∣∣x=p = θ
2
0
(µ− 2√|ξ|2 + λ)3 ∣∣x=p ≈
(
−4∑2α=1 ωαωα) ξ21
(µ− 2√|ξ|2 + λ)3(|ξ|2 + λ) ,
which leads to
1
(2π)2
∫
T∗pN
1
2πi
∫
γ
µ−s Tr(IV)
(
x, ξ,
λ
|λ| , µ
)
dµ dξ = − 1
4π
(
Tr
2∑
α=1
ωαωα
∣∣
x=p
)
· 2−s · s+ 1
s+ 2
. (3.21)
(V) =
θ−1 · r−1
µ− 2√|ξ|2 + λ ∣∣x=p = θ−1(µ− 2√|ξ|2 + λ)2 ∣∣x=p = 12(µ− 2√|ξ|2 + λ)2√|ξ|2 + λ ×{
−
∑
|ω|=2
2
ω!
∂ωξ α1 ·Dωxα1 − ∂ξθ0 ·Dxα1 − ∂ξα1 ·Dxθ0 − (α20 + β20)
+A(x, 0)(α0 − β0)− ∂xm(α0 − β0) + 2p0
}∣∣
x=p
=: (1) + (2) + (3) + (4) + (5) + (6) + (7).
(1) =
−∑|ω|=2 2ω!∂ωξ α1 ·Dωxα1
2(µ− 2√|ξ|2 + λ)2√|ξ|2 + λ ∣∣x=p ≈ τN (p)6 · ξ
2
1
(µ− 2√|ξ|2 + λ)2(|ξ|2 + λ)3/2 ,
which leads to
1
(2π)2
∫
T∗pN
1
2πi
∫
γ
µ−s Tr(1)
(
x, ξ,
λ
|λ| , µ
)
dµ dξ = −r0 · τN (p)
24π
· 2−s · 1
s+ 2
.
(2) =
−∂ξθ0 ·Dxα1
2(µ− 2√|ξ|2 + λ)2√|ξ|2 + λ ∣∣x=p = i
∑2
α=1 ∂ξαθ0 ·
∑2
β,γ=1 g
βγ,αξβξγ
4(µ− 2√|ξ|2 + λ)2(|ξ|2 + λ) ∣∣x=p = 0,
since gβγ,α(p) = 0.
(3) =
−∑2α=1 ∂ξαα1 ·Dxαθ0
2(µ− 2√|ξ|2 + λ)2√|ξ|2 + λ
∣∣∣∣
x=p
≈
{∑2
α,γ=1 g
γα,γαξ2α +
1
2
∑2
α=1 ∂α∂α log |g|(x)ξ2α
2(µ− 2√|ξ|2 + λ)2 (|ξ|2 + λ)3/2 −
∑2
κ,θ,γ,α=1 g
κθ,γαξαξγξκξθ
4(µ− 2√|ξ|2 + λ)2 (|ξ|2 + λ)5/2
}
Id
+
∑2
α=1 (∂xαωα) ξ
2
α
(µ− 2√|ξ|2 + λ)2 (|ξ|2 + λ)3/2
≈
∑2
α,γ=1 (− 13 )Rγααγξ2α + 12
∑2
α=1 (− 23 )Rααξ2α
2(µ− 2√|ξ|2 + λ)2 (|ξ|2 + λ)3/2 Id +
∑2
α=1 (∂xαωα) ξ
2
α
(µ− 2√|ξ|2 + λ)2 (|ξ|2 + λ)3/2
≈ −
1
3τN (p)ξ
2
1
(µ− 2√|ξ|2 + λ)2 (|ξ|2 + λ)3/2 Id+
∑2
α=1 (∂xαωα) ξ
2
1
(µ− 2√|ξ|2 + λ)2 (|ξ|2 + λ)3/2 ∣∣x=p,
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which leads to
1
(2π)2
∫
T∗pN
1
2πi
∫
γ
µ−s Tr(3)
(
x, ξ,
λ
|λ| , µ
)
dµ dξ
= r0 · τN (p)
12π
· 2−s · 1
s+ 2
− 1
4π
(
2∑
α=1
Tr ∂xαωα
∣∣
x=p
)
· 2−s · 1
s+ 2
.
(4) =
−(α20 + β20)
2(µ− 2√|ξ|2 + λ)2√|ξ|2 + λ
∣∣∣∣
x=p
=
(∑2
α=1 ωαξα
)2
(µ− 2√|ξ|2 + λ)2 (|ξ|2 + λ)3/2 +
−
(
1
2A(x, 0)
2 − A(x,0)α1 ∂xmα1 + 12α21 (∂xmα1)
2
)
2(µ− 2√|ξ|2 + λ)2√|ξ|2 + λ
≈ −H
2
1
(µ− 2√|ξ|2 + λ)2√|ξ|2 + λ + (2H
2
1 )ξ
2
1 + (
∑2
α=1 ωαωα)ξ
2
1
(µ− 2√|ξ|2 + λ)2 (|ξ|2 + λ)3/2
− (4H
2
1 − 2H2)ξ41 + 2H2ξ21ξ22
4(µ− 2√|ξ|2 + λ)2 (|ξ|2 + λ)5/2 ,
which leads to
1
(2π)2
∫
T∗pN
1
2πi
∫
γ
µ−s Tr(4)
(
x, ξ,
λ
|λ| , µ
)
dµ dξ = − 1
4π
2∑
α=1
Tr
(
ωαωα
∣∣
x=p
)
· 2−s · 1
s+ 2
+ r0
{
H21 (p)
4π
· 2−s
(
s
s+ 2
+
3
(s+ 2)(s+ 4)
)
− H2(p)
4π
· 2−s 1
(s+ 2)(s+ 4)
}
.
(5) =
A(x, 0)(α0 − β0)
2(µ− 2√|ξ|2 + λ)2√|ξ|2 + λ
∣∣∣∣
x=p
=
A(x, 0)2 − A(x,0)α1 ∂xmα1
2(µ− 2√|ξ|2 + λ)2√|ξ|2 + λ
∣∣∣∣
x=p
≈ 2H
2
1
(µ− 2√|ξ|2 + λ)2√|ξ|2 + λ +
(−2H21) ξ21
(µ− 2√|ξ|2 + λ)2 (|ξ|2 + λ)3/2 ,
which leads to
1
(2π)2
∫
T∗pN
1
2πi
∫
γ
µ−s Tr(5)
(
x, ξ,
λ
|λ| , µ
)
dµ dξ = − r0 · H
2
1 (p)
2π
· 2−s · s+ 1
s+ 2
.
(6) =
−∂xm(α0 − β0)
2(µ− 2√|ξ|2 + λ)2√|ξ|2 + λ
∣∣∣∣
x=p
=
−∂xm
(
A(x, 0) − 1α1 ∂xmα1
)
2(µ− 2√|ξ|2 + λ)2√|ξ|2 + λ
∣∣∣∣
x=p
≈
{
−4H21 +H2 − 12 (τM (x) − τN (x))
2(µ− 2√|ξ|2 + λ)2√|ξ|2 + λ +
(
12H21 − 5H2 + 12 (τM (x) − τN (x))
)
ξ21
2(µ− 2√|ξ|2 + λ)2 (|ξ|2 + λ)3/2
+
(−4H21 + 2H2)ξ41 − 2H2ξ21ξ22
(µ− 2√|ξ|2 + λ)2 (|ξ|2 + λ)5/2
}∣∣∣∣
x=p
,
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which leads to
1
(2π)2
∫
T∗pN
1
2πi
∫
γ
µ−s Tr(6)
(
x, ξ,
λ
|λ| , µ
)
dµ dξ
= r0
{
H21 (p)
2π
· 2−s · s+ 1
s+ 4
− H2(p)
8π
· 2−s · s
2 + s− 4
(s+ 2)(s+ 4)
+
1
16π
(τM (p)− τN (p)) · 2−s · s+ 1
s+ 2
}
.
(7) =
2p0
2(µ− 2√|ξ|2 + λ)2√|ξ|2 + λ
∣∣∣∣
x=p
= −
∑2
α,β=1 g
αβ(∂xαωβ + ωαωβ −
∑2
γ=1 Γ
γ
αβωγ) + E
(µ− 2√|ξ|2 + λ)2√|ξ|2 + λ
∣∣∣∣
x=p
= −
∑2
α,β=1 (∂xαωα + ωαωα) + E
(µ− 2√|ξ|2 + λ)2√|ξ|2 + λ
∣∣∣∣
x=p
,
which leads to
1
(2π)2
∫
T∗pN
1
2πi
∫
γ
µ−s Tr(7)
(
x, ξ,
λ
|λ| , µ
)
dµ dξ
=
1
4π
Tr
{
2∑
α=1
(∂xαωα
∣∣
x=p
+ ωαωα
∣∣
x=p
) + E(p)
}
· 2−s.
Hence,
1
(2π)2
∫
T∗pN
1
2πi
∫
γ
µ−s Tr(V)
(
x, ξ,
λ
|λ| , µ
)
dµ dξ (3.22)
= r0 · 2−s
{
τN (p)
24π
1
s+ 2
+
1
16π
(τM (p)− τN (p)) s+ 1
s+ 2
+
H21 (p)
4π
(s− 1)(s+ 1)
(s+ 2)(s+ 4)
− H2(p)
8π
s− 1
s+ 4
}
+
1
4π
Tr
2∑
α=1
(∂xαωα + ωαωα)
∣∣
x=p
· 2−s s+ 1
s+ 2
+
1
4π
(TrE(p)) · 2−s.
Summing up from (3.18) to (3.22), we have
J2(s, p) :=
1
(2π)2
∫
T∗pN
1
2πi
∫
γ
µ−sTr r−1−2
(
p, ξ,
λ
|λ| , µ
)
dµ dξ (3.23)
= r0 · 2−s
{
τN (p)
24π
+
1
16π
(τM (p)− τN (p)) s+ 1
s+ 2
+
H21 (p)
4π
(s− 1)(s+ 1)
(s+ 2)(s+ 4)
− H2(p)
8π
s− 1
s+ 4
}
+
1
4π
(TrE(p)) · 2−s.
This leads to the following result, which is one of the main results in this paper.
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Theorem 3.4. Let N be a 2-dimensional closed Riemannian manifold. Then the densities q2(p) and
π2(p) are given as follows:
q2(p) =
1
2
J2(s, p)
∣∣
s=0
=
1
2
· r0
{
τM (p)
32π
+
τN (p)
96π
− H
2
1 (p)
32π
+
H2(p)
32π
}
+
1
8π
(TrE(p)) ,
π2(p) = − ∂
∂s
∣∣
s=0
J2(s, p)
= r0
{(
τM (p)
32π
+
τN (p)
96π
− H
2
1 (p)
32π
+
H2(p)
32π
)
ln 2 − 1
64π
(τM (p)− τN (p))
− 3H
2
1 (p)
128π
+
5H2(p)
128π
}
+
1
4π
(TrE(p)) · ln 2.
If g is a product metric and ∆M = −∂2x3 +∆N on a collar neighborhood of N with ∆N a Laplacian
on N , then we have the following result, which is already obtained in [16, 20].
Corollary 3.5. If g is a product metric and ∆M = −∂2x3 + ∆N on a collar neighborhood of N , we get
π2 = ln 2 · (ζ∆N (0) + dimker∆N ).
Proof. If g is a product metric near N , it is well known that H1(p) = H2(p) = 0 and τM (p) = τN (p).
Hence, Theorem 3.4 shows that π2(p) =
(
r0 · τN (p)24π + 14π · TrE(p)
)
ln 2, which together with Theorem
3.3.1 in [9] yields the result. 
Comparing the asymptotic expansions in (3.10), we have the following equalities by (3.12) and (3.16).
a0(p) = −π2(p), (3.24)
a1(p) = c1(p)− π0(p) = r0
{
1
8π
−
(
− 1
4π
ln 2 +
1
8π
)}
= r0 · 1
4π
ln 2.
This leads to the following result.
Corollary 3.6. Let N be a 2-dimensional closed Riemannian manifold. Then P (λ) in (1.4) is given as
follows.
P (λ) = a1λ+ a0 =
∫
N
(
r0 · ln 2
4π
λ − π2(p)
)
d vol(N )
=
r0 · vol(N ) ln 2
4π
λ −
∫
N
π2(p) d vol(N ).
Remark: In [14] we consider the gluing formula for the Laplacian on a warped product manifold
M = [a, b]×f N , where f : [a, b]→ R is a positive smooth function. In that case r0 = 1, E(p) = 0, and
the metric tensor is given by
g(x, x3) =
(
f(x3)
2hαβ(x) 0
0 1
)
, (3.25)
where h = (hαβ(x)) is a metric tensor on N . In that context let a < c < b. We assume f(c) = 1 and
identify {c} × N with N . Corollary 3.7 of [14] then implies
P (λ) =
vol(N ) · ln 2
4π
λ− ln 2
24π
∫
N
τN (p)dvol(N ) (3.26)
+
vol(N )
4π
{
ln 2
(
1
2
f ′′(c) +
1
4
f ′(c)2
)
−
(
3
16
f ′(c)2 +
1
4
f ′′(c)
)}
.
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Using the metric tensor (3.25) one can show that
κ1 = κ2 = −f ′(c),
furthermore
τM (p)− τN (p) = −4f ′′(c)− 2f ′(c)2.
With the information given, Corollary 3.6 is then seen to agree with (3.26), confirming our previous
results.
Before finishing this section, we make one observation. If we compare the coefficients of lnλ in the
asymptotic expansions in (3.10), we see that q2 = c3. This fact is shown explicitly in Lemma 3.2 and
Theorem 3.4.
4. The heat trace expansion of e−tR(λ) for t→ 0+
We begin this section with the following well known asymptotic expansion for t→ 0+,
Tr e−tR(λ) ∼
∞∑
j=0
vj(λ)t
−m+j +
∞∑
l=1
wl(λ)t
l ln t, (4.1)
where vj(λ) for 0 ≤ j ≤ m is computed by integration of some local density vj(λ)(p) involving the
homogeneous symbol of (µ − R(λ))−1 [18, 21]. As in Section 3, ultimately we will assume that m = 3
and that we are going to compute the densities v0(λ)(p), v1(λ)(p) and v2(λ)(p) for p ∈ N in terms of the
scalar and principal curvatures of N in M . However, at the beginning we will keep m general. Here we
should mention that in this section we regard λ as a usual constant, not as a parameter of weight 2 as in
the previous section. Hence we should put the symbol of the tangential Laplacian as (cf. 2.23)
σ
(
D
(
x, xm,
∂
∂x
)
+ λ
)
= p˜2(x, xm, ξ) + p˜1(x, xm, ξ) + p˜0(x, xm, ξ, λ), (4.2)
where
p˜2(x, xm, ξ) =
m−1∑
α,β=1
gαβ(x, xm)ξαξβ Id = |ξ|2 Id, (4.3)
p˜1(x, xm, ξ) = −i
m−1∑
α,β=1
(
1
2
gαβ(x, xm)∂xα ln |g|(x, xm) + ∂xαgαβ(x, xm)
)
ξβ Id−2i
m−1∑
α,β=1
gαβωαξβ ,
p˜0(x, xm, ξ, λ) = λ Id −
m−1∑
α,β=1
gαβ
(
∂xαωβ + ωαωβ −
m−1∑
γ=1
Γγαβωγ
)
− E.
As in (2.22) and (2.29), we denote the homogeneous symbols of Q±xm(λ) and R(λ) as
σ
(
Q+xm(λ)
) ∼ α˜1(x, xm, ξ, λ) + α˜0(x, xm, ξ, λ) + α˜−1(x, xm, ξ, λ) + · · · ,
σ
(
Q−xm(λ)
) ∼ β˜1(x, xm, ξ, λ) + β˜0(x, xm, ξ, λ) + β˜−1(x, xm, ξ, λ) + · · · ,
σ(R(λ))(x, 0, ξ, λ) ∼ θ˜1(x, 0, ξ, λ) + θ˜0(x, 0, ξ, λ) + θ˜−1(x, 0, ξ, λ) + · · · , (4.4)
where θ˜j(x, 0, ξ, λ) = α˜j(x, 0, ξ, λ) + β˜j(x, 0, ξ, λ). As in Section 3, we use Lemma 2.4, (4.2) and (4.3) to
compute α˜j(x, xm, ξ, λ) and β˜j(x, xm, ξ, λ), recursively. By adding them, we compute θ˜j(x, 0, ξ, λ). The
only difference is that λ belongs to the zero order term in the homogeneous symbol of the tangential
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Laplacian D(x, xm,
∂
∂x ) + λ. For example, the first three terms are given as follows (cf. (2.27), (2.28))
(we omit Id to simplify the presentation as before):
α˜1(x, xm, ξ, λ) = β˜1(x, xm, ξ, λ) = |ξ| = α1(x, xm, ξ, 0) = β1(x, xm, ξ, 0),
α˜0(x, xm, ξ, λ) = α0(x, xm, ξ, 0), β˜0(x, xm, ξ, λ) = β0(x, xm, ξ, 0),
α˜−1(x, xm, ξ, λ) =
1
2|ξ|
{ ∑
|ω|=2
1
ω!
(∂ωξ α˜1)(∂
ω
x α˜1) + i(∂ξα˜0)(∂xα˜1) + i(∂ξα˜1)(∂xα˜0)
−α˜20 + p˜0 +A(x, xm)α˜0 − ∂xm α˜0 + (α˜0ωm − ωmα˜0)
}
,
β˜−1(x, xm, ξ, λ) =
1
2|ξ|
{ ∑
|ω|=2
1
ω!
(∂ωξ β˜1)(∂
ω
x β˜1) + i(∂ξβ˜0)(∂xβ˜1) + i(∂ξβ˜1)(∂xβ˜0)
−β˜20 + p˜0 −A(x, xm)β˜0 + ∂xm β˜0 − (β˜0ωm − ωmβ˜0)
}
.
We put
σ
(
(µ−R(λ))−1) ∼ r˜−1(x, ξ, λ, µ) + r˜−2(x, ξ, λ, µ) + r˜−3(x, ξ, λ, µ) + · · · , (4.5)
where
r˜−1(x, ξ, λ, µ) = (µ− 2|ξ|)−1 , (4.6)
r˜−1−j(x, ξ, λ, µ) = (µ− 2|ξ|)−1
j−1∑
k=0
∑
|ω|+l+k=j
1
ω!
∂ωξ θ˜1−l ·Dωx r˜−1−k,
which shows that the first three terms are given as follows (cf. (2.34)),
r˜−1 = (µ− 2|ξ|)−1 , (4.7)
r˜−2 = (µ− 2|ξ|)−1
{
∂ξθ˜1 ·Dxr˜−1 + θ˜0 · r˜−1
}
,
r˜−3 = (µ− 2|ξ|)−1
∑
|ω|=2
1
ω!
∂ωξ θ˜1 ·Dωx r˜−1 + ∂ξθ˜1 ·Dxr˜−2 + ∂ξθ˜0 ·Dxr˜−1 + θ˜0 · r˜−2 + θ˜−1 · r˜−1

=: (˜I) + (I˜I) + (I˜II) + (I˜V) + (V˜).
Then, the density vj(λ)(x) (j = 0, 1, 2) computing vj(λ) in (4.1) is given as [8, 21]
vj(λ)(x) =
1
(2π)2
∫
T∗xN
1
2πi
∫
γ
e−µTr r˜−1−j(x, ξ, λ, µ)dµdξ. (4.8)
We now use the above formula to compute vj(λ)(x) (j = 0, 1, 2) at x = p ∈ N . The following lemma is
straightforward.
Lemma 4.1. Let C+ = C− {r ∈ R|r ≤ 0}. For z ∈ C+ let γ be a counterclockwise contour in C+ with
z inside γ. Then
(1)
1
2πi
∫
γ
e−µ
µ− z dµ = e
−z,
1
2πi
∫
γ
e−µ
(µ− z)2 dµ = −e
−z,
1
2πi
∫
γ
e−µ
(µ− z)3 dµ =
1
2
e−z,
(2)
1
4π2
∫
R2
e−2|ξ|dξ =
1
8π
,
1
4π2
∫
R2
e−2|ξ|
|ξ| dξ =
1
4π
,
1
4π2
∫
R2
e−2|ξ|ξ21
|ξ|2 dξ =
1
16π
,
1
4π2
∫
R2
e−2|ξ|ξ21
|ξ|3 dξ =
1
8π
,
1
4π2
∫
R2
e−2|ξ|ξ41
|ξ|5 dξ =
3
32π
,
1
4π2
∫
R2
e−2|ξ|ξ21ξ
2
2
|ξ|5 dξ =
1
32π
.
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4.1. The coefficient v0(λ).
v0(λ)(p) =
r0
(2π)2
∫
T∗pN
1
2πi
∫
γ
e−µ
µ− 2|ξ|dµdξ =
r0
(2π)2
∫
T∗pN
e−2|ξ|dξ =
r0
8π
, (4.9)
which shows that
v0(λ) =
r0
8π
vol(N ). (4.10)
4.2. The coefficient v1(λ). Since r˜−2(x, ξ, λ, µ) is an odd function with respect to ξ, v1(λ)(p) = 0 and
hence v1(λ) = 0.
4.3. The coefficient v2(λ). We note that
v2(λ)(p) =
1
(2π)2
∫
T∗pN
1
2πi
∫
γ
e−µTr r˜−3(x, ξ, λ, µ)
∣∣
x=p
dµ dξ, (4.11)
where r˜−3(x, ξ, λ, µ)|x=p = (˜I) + (I˜I) + (I˜II) + (I˜V) + (V˜). We compute (˜I) ∼ (V˜) as (I) ∼ (V) in Section
3 to obtain the following.
(˜I) = (µ− 2|ξ|)−1
∑
|ω|=2
1
ω!
∂ωξ θ˜1 ·Dωx r˜−1
∣∣
x=p
= (µ− 2|ξ|)−1
{
1
2
2∑
α=1
∂2ξα (2|ξ|) · (−1)∂2xα (µ− 2|ξ|)−1 + ∂ξ1∂ξ2 (2|ξ|) · (−1)∂x1∂x2 (µ− 2|ξ|)−1
}∣∣
x=p
≈ −
2
3 τN (p) ξ
2
1
(µ− 2|ξ|)3|ξ|2 ,
which leads to
1
(2π)2
∫
T∗pN
1
2πi
∫
γ
e−µ Tr(˜I) dµ dξ = −r0 · τN (p)
48π
. (4.12)
(I˜I) =
∂ξ θ˜1 ·Dxr˜−2
µ− 2|ξ|
∣∣
x=p
=
(−i)∑2α=1 ∂ξα(2|ξ|) · ∂xα ((µ− 2|ξ|)−1(∑2β=1 ∂ξβ θ˜1 ·Dxβ r˜−1 + θ˜0 · r˜−1))
µ− 2|ξ|
∣∣
x=p
≈
4
3τN (p)ξ
2
1 − 4
∑2
α=1(∂xαωα)ξ
2
1
(µ− 2|ξ|)3|ξ|2 ,
which leads to
1
(2π)2
∫
T∗pN
1
2πi
∫
γ
e−µ Tr(I˜I) dµ dξ = r0 · τN (p)
24π
− 1
8π
Tr
(
2∑
α=1
∂xαωα
∣∣
x=p
)
. (4.13)
(I˜II) =
∑2
α=1 ∂ξα θ˜0 ·Dxα r˜−1
µ− 2|ξ|
∣∣
x=p
=
(−i)∑2α=1 ∂ξα θ˜0 · ∂xα(µ− 2|ξ|)−1
µ− 2|ξ|
∣∣
x=p
=
(−i)∑2α=1 ∂ξα θ˜0 ·∑2γ,δ=1 gγδ,αξγξδ
(µ− 2|ξ|)3|ξ|
∣∣
x=p
= 0, (4.14)
since gγδ,α(p) = 0.
(I˜V) =
θ˜0 · r˜−2
µ− 2|ξ|
∣∣
x=p
=
θ˜20
(µ− 2|ξ|)3
∣∣
x=p
≈ (−4
∑2
α=1 ωαωα)ξ
2
1
(µ− 2|ξ|)3|ξ|2
∣∣
x=p
.
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1
(2π)2
∫
T∗pN
1
2πi
∫
γ
e−µ Tr(I˜V) dµ dξ = − 1
8π
Tr
(
2∑
α=1
ωαωα
∣∣
x=p
)
. (4.15)
(V˜) =
θ˜−1 · r˜−1
µ− 2|ξ|
∣∣
x=p
=
θ˜−1
(µ− 2|ξ|)2
∣∣
x=p
=
1
2(µ− 2|ξ|)2|ξ|
− ∑
|ω|=2
2
ω!
∂ωξ α˜1 ·Dωx α˜1
−∂ξθ˜0 ·Dxα˜1 − ∂ξα˜1 ·Dxθ˜0 − (α˜20 + β˜20) +A(x, 0)(α˜0 − β˜0)− ∂xm(α˜0 − β˜0) + 2p˜0
} ∣∣
x=p
=: (1˜) + (2˜) + (3˜) + (4˜) + (5˜) + (6˜) + (7˜).
(1˜) =
−∑|ω|=2 2ω!∂ωξ α˜1 ·Dωx α˜1
2(µ− 2|ξ|)2|ξ|
∣∣
x=p
≈ τN (p)
6
· ξ
2
1
(µ− 2|ξ|)2|ξ|3 ,
which leads to
1
(2π)2
∫
T∗pN
1
2πi
∫
γ
e−µ Tr(1˜) dµ dξ = −r0 · τN (p)
48π
.
(2˜) =
−∂ξθ˜0 ·Dxα˜1
2(µ− 2|ξ|)2|ξ|
∣∣
x=p
=
i
∑2
α=1 ∂ξα θ˜0 ·
∑2
β,γ=1 g
βγ,αξβξγ
4(µ− 2|ξ|)2|ξ|2
∣∣
x=p
= 0,
since gβγ,α(p) = 0.
(3˜) =
−∑2α=1 ∂ξα α˜1 ·Dxα θ˜0
2(µ− 2|ξ|)2|ξ|
∣∣
x=p
≈ −
1
3τN (p)ξ
2
1
(µ− 2|ξ|)2|ξ|3 Id +
(
∑2
α=1 ∂xαωα)ξ
2
1
(µ− 2|ξ|)2|ξ|3
∣∣
x=p
which leads to
1
(2π)2
∫
T∗pN
1
2πi
∫
γ
e−µ Tr(3˜) dµ dξ = r0 · τN (p)
24π
− 1
8π
Tr
(
2∑
α=1
∂xαωα
∣∣
x=p
)
.
(4˜) =
−(α˜20 + β˜20)
2(µ− 2|ξ|)2|ξ|
∣∣
x=p
=

(∑2
α=1 ωαξα
)2
(µ− 2|ξ|)2|ξ|3 +
−
(
1
2A(x, 0)
2 − A(x,0)α˜1 ∂xm α˜1 + 12α˜21 (∂xm α˜1)
2
)
2(µ− 2|ξ|)2|ξ|
∣∣x=p
≈
{
−H21
(µ− 2|ξ|)2|ξ| +
(2H21 )ξ
2
1 + (
∑2
α=1 ωαωα)ξ
2
1
(µ− 2|ξ|)2|ξ|3 −
(4H21 − 2H2)ξ41 + 2H2ξ21ξ22
4(µ− 2|ξ|)2|ξ|5
}∣∣
x=p
,
which leads to
1
(2π)2
∫
T∗pN
1
2πi
∫
γ
e−µ Tr(4˜) dµ dξ = r0
{
3H21 (p)
32π
− H2(p)
32π
}
− 1
8π
Tr
(
2∑
α=1
ωαωα
∣∣
x=p
)
.
(5˜) =
A(x, 0)(α˜0 − β˜0)
2(µ− 2|ξ|)2|ξ|
∣∣
x=p
=
A(x, 0)2 − A(x,0)α˜1 ∂∂xm α˜1
2(µ− 2|ξ|)2|ξ|
∣∣
x=p
≈
{
2H21
(µ− 2|ξ|)2|ξ| +
−2H21 ξ21
(µ− 2|ξ|)2|ξ|3
} ∣∣
x=p
,
which leads to
1
(2π)2
∫
T∗pN
1
2πi
∫
γ
e−µ Tr(5˜) dµ dξ = − r0 H
2
1 (p)
4π
.
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(6˜) =
−∂xm(α˜0 − β˜0)
2(µ− 2|ξ|)2|ξ|
∣∣
x=p
=
−∂xm
(
A(x, 0)− 1α˜1 ∂xm α˜1
)
2(µ− 2|ξ|)2|ξ|
∣∣
x=p
≈
{
−4H21 +H2 − 12 (τM (x) − τN (x))
2(µ− 2|ξ|)2|ξ| +
(
12H21 − 5H2 + 12 (τM (x) − τN (x))
)
ξ21
2(µ− 2|ξ|)2|ξ|3
+
(−4H21 + 2H2)ξ41 − 2H2ξ21ξ22
(µ− 2|ξ|)2|ξ|5
} ∣∣
x=p
Id,
which leads to
1
(2π)2
∫
T∗pN
1
2πi
∫
γ
e−µ Tr(6˜) dµ dξ = r0
{
H21 (p)
8π
+
H2(p)
16π
+
1
32π
(τM (p)− τN (p))
}
.
(7˜) =
2p˜0
2(µ− 2|ξ|)2|ξ|
∣∣
x=p
=
λ
(µ− 2|ξ|)2|ξ|
∣∣
x=p
Id −
∑2
α,β=1 g
αβ(∂xαωβ + ωαωβ −
∑2
γ=1 Γ
γ
αβωγ) + E
(µ− 2|ξ|)2|ξ|
∣∣
x=p
=
λ
(µ− 2|ξ|)2|ξ|
∣∣
x=p
Id −
∑2
α=1(∂xαωα + ωαωα) + E
(µ− 2|ξ|)2|ξ|
∣∣
x=p
,
which leads to
1
(2π)2
∫
T∗pN
1
2πi
∫
γ
e−µ Tr(7˜) dµ dξ = − r0
4π
λ +
1
4π
Tr
{
2∑
α=1
(∂xαωα
∣∣
x=p
+ ωαωα
∣∣
x=p
) + E(p)
}
.
The sum of the above seven equalities leads to the following result.
1
(2π)2
∫
T∗pN
1
2πi
∫
γ
e−µ (V˜) dµ dξ = r0
{
− 1
4π
λ+
τM (p)
32π
− τN (p)
96π
− H
2
1 (p)
32π
+
H2(p)
32π
}
+
1
8π
Tr
2∑
α=1
(
∂xαωα
∣∣
x=p
+ ωαωα
∣∣
x=p
)
+
1
4π
TrE(p). (4.16)
Adding up from (4.12) to (4.16) yields the following result, which is the second main result of this paper.
Theorem 4.2. When N is a 2-dimensional Riemannian manifold, the densities computing vj(λ) (j =
0, 1, 2) are given as follows.
v0(λ)(p) =
r0
8π
, v1(λ)(p) = 0,
v2(λ)(p) = r0
{
− λ
4π
+
τM (p)
32π
+
τN (p)
96π
− H
2
1 (p)
32π
+
H2(p)
32π
}
+
1
4π
TrE(p).
Integrating these densities on N , for t→ 0+ we get the following result.
Tr e−tR(λ) ∼ r0
8π
vol(N )t−2 +
∫
N
v2(λ)(p)d vol(N ) +O(t).
Lemma 3.2 together with (3.11) leads to the following result, which is obtained in [14] when a collar
neighborhood of N is a warped product manifold.
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Corollary 4.3.
ζR(λ)(0) =
∫
N
v2(λ)(p) d vol(N )
= 2
∫
N
{
r0
(
− λ
8π
+
τM (p)
64π
+
τN (p)
192π
− H
2
1 (p)
64π
+
H2(p)
64π
)
+
1
8π
TrE(p)
}
d vol(N )
= 2
(
ζ(∆M+λ)(0)− ζ(∆M0,D+λ)(0)
)
.
Remark : It is interesting to compare Theorem 4.2 with the results of [21] and [18]. When (X,Y, g) is a
compact Riemannian manifold with boundary Y and E is the trivial line bundle, we consider the Steklov
problem as in [18] and [21]. Then, there appears the Dirichlet-to-Neumann operator DDN : C∞(Y ) →
C∞(Y ). Roughly, this operator is a half of the Dirichlet-to-Neumann operator R(0) discussed in this
paper. When dimX = 3 (and so dimY = 2), it is known that Tr e−tDDN ∼ A0t−2+A1t−1+A2+O(t),
where Aj =
∫
Y Aj(y)d vol(Y ), 0 ≤ j ≤ 2. It is known [18, 21] that
A0(y) =
1
2π
, A1(y) =
H1(y)
4π
, A2(y) =
τX(y)
32π
+
τY (y)
96π
+
H21 (y)
16π
.
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